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EXOTIC RATIONAL ELLIPTIC SURFACES
WITHOUT 1-HANDLES
KOUICHI YASUI
Abstract. Harer, Kas and Kirby have conjectured that every handle decom-
position of the elliptic surface E(1)2,3 requires both 1- and 3-handles. In this
article, we construct a smooth 4-manifold which has the same Seiberg-Witten
invariant as E(1)2,3 and admits neither 1- nor 3-handles, by using rational
blow-downs and Kirby calculus. Our manifold gives the first example of either
a counterexample to the Harer-Kas-Kirby conjecture or a homeomorphic but
non-diffeomorphic pair of simply connected closed smooth 4-manifolds with
the same non-vanishing Seiberg-Witten invariants.
1. Introduction
It is a basic problem in 4-dimensional topology to classify smooth structures on
4-manifolds. Constructions of exotic smooth structures on 4-manifolds with small
Euler characteristics are currently in rapid progress (see, for example, Park [14],
Stipsicz-Szabo´ [17], Fintushel-Stern [4], Park-Stipsicz-Szabo´ [15] and Akhmedov-
Park [1]). However, it is still unknown whether or not S4 and CP2 admit an exotic
smooth structure. If such a structure exists, then each handle decomposition of it
has at least either a 1- or 3-handle (see Proposition 6.4). To the contrary, many
classical simply connected closed smooth 4-manifolds are known to admit neither
1- nor 3-handles in their handle decompositions (cf. Gompf-Stipsicz [7]). Problem
4.18 in Kirby’s problem list [11] is the following: “Does every simply connected,
closed 4-manifold have a handlebody decomposition without 1-handles? Without 1-
and 3-handles?” The elliptic surfaces E(n)p,q are candidates of counterexamples to
Problem 4.18. It is not known whether or not the simply connected closed smooth
4-manifold E(n)p,q (n : arbitrary, p, q ≥ 2, gcd(p, q) = 1) admits a handle decom-
position without 1-handles (cf. Gompf [6] and Gompf-Stipsicz [7]). In particular,
Harer, Kas and Kirby have conjectured in [9] that every handle decomposition of
E(1)2,3 requires at least a 1-handle. Note that by considering dual handle decom-
positions, their conjecture is equivalent to the assertion that E(1)2,3 requires both
1- and 3-handles.
In this article we construct the following smooth 4-manifolds by using rational
blow-downs and Kirby calculus.
Theorem 1.1. (1) For q = 3, 5, there exists a smooth 4-manifold Eq with the
following properties:
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(a) Eq is homeomorphic to E(1)2,q;
(b) Eq has the same Seiberg-Witten invariant as E(1)2,q;
(c) Eq admits a handle decomposition without 1-handles, namely,
Eq = one 0-handle ∪ twelve 2-handles ∪ two 3-handles ∪ one 4-handle.
(2) There exists a smooth 4-manifold E′3 with the following properties:
(a) E′3 is homeomorphic to E(1)2,3;
(b) E′3 has the same Seiberg-Witten invariant as E(1)2,3;
(c) E′3 admits a handle decomposition without 1- and 3-handles, namely,
E′3 = one 0-handle ∪ ten 2-handles ∪ one 4-handle.
As far as the author knows, Eq and E
′
3 are the first examples in the follow-
ing sense: If Eq (resp. E
′
3) is diffeomorphic to E(1)2,q (resp. E(1)2,3), then the
above handle decomposition of E(1)2,q (= Eq [resp. E
′
3]) is the first example which
has no 1-handles. Otherwise, i.e., if Eq (resp. E
′
3) is not diffeomorphic to E(1)2,q
(resp. E(1)2,3), then Eq (resp. E
′
3) and E(1)2,q (resp. E(1)2,3) are the first homeo-
morphic but non-diffeomorphic examples which are simply connected closed smooth
4-manifolds with the same non-vanishing Seiberg-Witten invariants.
An affirmative solution to the Harer-Kas-Kirby conjecture implies that both
E3 and E
′
3 are not diffeomorphic to E(1)2,3, though these three have the same
Seiberg-Witten invariants. In this case, the minimal number of 1-handles in handle
decompositions does detect the difference of their smooth structures.
Our construction is inspired by rational blow-down constructions of exotic smooth
structures on CP2#nCP2 (5 ≤ n ≤ 8) by Park [14], Stipsicz-Szabo´ [17], Fintushel-
Stern [4] and Park-Stipsicz-Szabo´ [15]. Our method is different from theirs since,
firstly, we use Kirby calculus to perform rational blow-downs, whereas they used
elliptic fibrations on E(1) (and knot surgeries), secondly, they did not examine
handle decompositions.
Acknowledgement . The author wishes to express his deeply gratitude to his
adviser, Professor Hisaaki Endo, for encouragement and many useful suggestions.
He would like to thank Professors Selman Akbulut, Kazunori Kikuchi, Ronald J.
Stern and Yuichi Yamada for helpful comments and discussions. Kikuchi’s theorem
[10, Theorem 4] partially gave him the idea of the construction. Yamada gave him
interesting questions (cf. Remark 6.2).
2. Rational blow-down
In this section we review the rational blow-down introduced by Fintushel-Stern
[3]. For details, see also Gompf-Stipsicz [7].
Let Cp and Bp be the smooth 4-manifolds defined by Kirby diagrams in Figure 1,
and u1, . . . , up−1 elements of H2(Cp;Z) given by corresponding 2-handles in the
figure such that ui · ui+1 = +1 (1 ≤ i ≤ p − 2). The boundary ∂Cp of Cp is
diffeomorphic to the lens space L(p2, 1 − p) and to the boundary ∂Bp of Bp. The
following lemma is well known.
Lemma 2.1. (1) π1(Cp) = 0, π1(Bp) = Zp and π1(L(p
2, 1− p)) = Zp2 .
(2) H2(Cp;Z) = ⊕p−1Z and H2(Bp;Z) = H2(L(p2, 1− p);Z) = 0
Suppose that Cp embeds in a smooth 4-manifold X . The smooth 4-manifold
X(p) := (X − int Cp)∪L(p2,1−p) Bp is called the rational blow-down of X along Cp.
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−p− 2 −2 −2 −2 −2
· · ·Cp :
up−1 up−2 up−3 · · · u2 u1
p
p− 1
Bp :
Figure 1.
Note that X(p) is uniquely determined up to diffeomorphism by a fixed pair (X,Cp).
This operation preserves b+2 , decreases b
−
2 , may create torsions in the first homology
group, and has the following relation with the logarithmic transformation.
Theorem 2.2 (Fintushel-Stern [3], cf. Gompf-Stipsicz [7]). Suppose that a smooth
4-manifold X contains a cusp neighborhood, that is, a 0-handle with a 2-handle
attached along a 0-framed right trefoil knot. Let Xp be the smooth 4-manifold ob-
tained from X by performing a logarithmic transformation of multiplicity p in the
cusp neighborhood. Then there exists a copy of Cp in X#(p− 1)CP2 such that the
rational blow-down of X#(p− 1)CP2 along the copy of Cp is diffeomorphic to Xp.
Let E(n) be the simply connected elliptic surface with Euler characteristic 12n
and with no multiple fibers, and E(n)p1,...,pk the elliptic surface obtained from
E(n) by performing logarithmic transformations of multiplicities p1, . . . , pk. We
denote h, e1, e2, . . . , en as a canonical orthogonal basis of H2(CP
2#nCP2;Z) =
H2(CP
2;Z)⊕n H2(CP2;Z) such that h2 = 1 and e21 = e22 = · · · = e2n = −1.
Since there is a diffeomorphism E(1)p → E(1) = CP2#9CP2 which maps the
class of a regular fiber of E(1)p to p(3h− e1 − e2 − · · · − e9) ∈ H2(CP2#9CP2;Z)
(cf. Etgu¨-Park [2, page 680], Gompf-Stipsicz [7]), Theorem 2.2 gives us the following
corollary.
Corollary 2.3. For each natural number p and q, the elliptic surface E(1)p,q is
obtained from CP2#(8 + q)CP2 by rationally blowing down along a certain copy
pCq of Cq such that u1, . . . , uq−1 satisfy
u1 = e7+q − e8+q, u2 = e6+q − e7+q, . . . , uq−2 = e10 − e11,
uq−1 = p(3h− e1 − e2 − · · · − e9)− 2e10 − e11 − e12 − · · · − e8+q
as elements of H2(CP
2#(8 + q)CP2;Z).
Remark 2.4. E(1)p,q is homeomorphic but non-diffeomorphic to E(1), in the case
p, q ≥ 2 and gcd(p, q) = 1 (cf. Gompf-Stipsicz [7]).
3. Construction
In this section we construct E3, E5 and E
′
3, and prove Theorem 1.1.(1)(a)(c)
and (2)(a)(c). In Kirby diagrams, we write the second homology classes given
by 2-handles, instead of usual framings. Note that the square of the homology
class given by a 2-handle is equal to the usual framing. We do not draw (whole)
Kirby diagrams of E3, E5, E
′
3 and the other manifolds appeared in the following
construction. However, one can easily draw whole diagrams.
We begin with a construction of a cusp neighborhood in CP2#9CP2 such that
its embedding into CP2#9CP2 has the same homological properties as that of the
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regular neighborhood of a cusp fiber of E(1)2. We do not know if these embeddings
into CP2#9CP2 are the same up to diffeomorphism.
Lemma 3.1. CP2#9CP2 admits the handle decomposition drawn in Figure 2.
Here f denotes 6h− 2e1 − 2e2 − · · · − 2e9 ∈ H2(CP2#9CP2;Z).
∪nine 2-handles
∪ two 3-handles
∪ one 4-handle
e9
e8
f
Figure 2. CP2#9CP2
Proof. We firstly create two 2-handles with framings 2h and 4h in a Kirby diagram
of CP2. Figure 8 is a basic Kirby diagram of CP2. Introducing a 2-handle/3-
handle pair gives Figure 9. Handle slides and isotopies yield Figure 12 (Pairs of
bold lines in figures denote ‘bands’):
Figure 9
0+h−−−→ Figure 10 h+h−−−→ Figure 11 isotopy−−−−→ Figure 12.
Creating a 2-handle/3-handle pair gives Figure 13. Handle slides produce Figure 17:
Figure 13
0+h−−−→ Figure 14 h+h−−−→ Figure 15 2h+h−−−→ Figure 16 3h+h−−−→ Figure 17.
We secondly blow up CP2 nine times:
Figure 17
three blow-ups−−−−−−−−−→ Figure 18 isotopy−−−−→ Figure 19 six blow-ups−−−−−−−−→ Figure 20.
We lastly make a handle addition (4h− 2e1− 2e2− 2e3− e4− e5− · · ·− e9)+ (2h−
e4 − e5 − · · · − e9). This leads to Figure 21, and an isotopy gives Figure 2. 
Proposition 3.2. (1) CP2#11CP2 admits the handle decomposition drawn in
Figure 3. In particular CP2#11CP2 contains the copy of C3 drawn in the figure.
The elements u1, u2 ∈ H2(CP2#11CP2;Z) given by this copy of C3 are the same
as that given by 2C3.
f − 2e10 − e11 e10 − e11 e9 − e10 ∪ eleven 2-handles
∪ two 3-handles
∪ one 4-handle
C3
Figure 3. CP2#11CP2
(2) CP2#13CP2 admits the handle decomposition drawn in Figure 4. In par-
ticular CP2#13CP2 contains the copy of C5 drawn in the figure. The elements
u1, . . . , u4 ∈ H2(CP2#13CP2;Z) given by this copy of C5 are the same as that
given by 2C5.
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f − 2e10 − e11 − e12 − e13
e10 − e11
e8 + e9 − e10 − e11 − e12e11 − e12
e12 − e13 ∪ eleven 2-handles
∪ two 3-handles
∪ one 4-handleC5
Figure 4. CP2#13CP2
Proof. Firstly we give a proof for (1). Blowing up in Figure 2 yields Figure 22.
The handle slide drawn in Figure 23 gives Figure 24. An additional blow-up yields
Figure 25, and an isotopy gives Figure 3.
Secondly we give a proof for (2). Handle slides, isotopies and blow-ups in Fig-
ure 25 yield Figure 4:
Figure 25
e8+(e9−e10)−−−−−−−−→ Figure 26 (e8 + e9 − e10) − e11−−−−−−−−−−−−−→ Figure 27
isotopy−−−−→ Figure 28 blow-up−−−−−→ Figure 29 (e8 + e9 − e10 − e11)− e12−−−−−−−−−−−−−−−−−→ Figure 30
isotopy−−−−→ Figure 31 blow-up−−−−−→ Figure 32 isotopy−−−−→ Figure 4. 
Proposition 3.3. CP2#13CP2 admits the handle decomposition drawn in Fig-
ure 5. In particular CP2#13CP2 contains the copy of C5 drawn in the figure.
C5
6h + e1 + e2 − 2e3 − · · · − 2e12 − e13
e12 − e13
e9 − e10e11 − e12
e10 − e11
∪ nine 2-handles
∪ one 4-handle
Figure 5. CP2#13CP2
Proof. Recall the construction in the proof of Lemma 3.1. In this construction, we
created a 2-handle/3-handle pair twice. Instead of introducing a 2-handle/3-handle
pair twice, blowing up twice yields Figure 38:
Figure 8
blow-up−−−−−→ Figure 33 e1 + h−−−−→ Figure 34 (h+ e1) + h−−−−−−−−→ Figure 35
isotopy−−−−→ Figure 36 blow-up−−−−−→ Figure 37 e2 + h−−−−→ Figure 38.
Handle slides and blow-ups as in proofs of Lemma 3.1 and Proposition 3.2 gives Fig-
ure 39. Repeating handle slides drawn in Figure 23 yields Figure 40. An additional
blow-up gives Figure 41, and an isotopy gives Figure 5. 
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Definition 3.4. Let Eq be the smooth 4-manifold obtained from CP
2#(8+q)CP2
by rationally blowing down along the copy of Cq obtained in Proposition 3.2, for q =
3, 5. Let E′3 be the smooth 4-manifold obtained from CP
2#13CP2 by rationally
blowing down along the copy of C5 obtained in Proposition 3.3.
Remark 3.5. It is not known whether or not there exists a copy of C5 inCP
2#13CP2
such that the rational blow-down is diffeomorphic to E(1)2,3.
In [21] we will construct more examples of exotic CP2#9CP2 without 1- and
3-handles, by improving the construction of E′3. The author does not know if these
examples have the same Seiberg-Witten invariants as the elliptic surfaces E(1)p,q.
We prepare the following lemma.
Lemma 3.6 (cf. Gompf-Stipsicz [7]). Suppose that a simply connected closed smooth
4-manifold X has the handle decomposition drawn in Figure 6. Here n is an arbi-
trary integer, h2 and h3 are arbitrary natural numbers. Note that we write usual
framings instead of homology classes in the figure.
Let X(p) be the rational blow-down of X along the copy of Cp drawn in Figure 6.
Then X(p) admits a handle decomposition
X(p) = one 0-handle ∪ (h2 + 1) 2-handles ∪ h3 3-handles ∪ one 4-handle.
In particular X(p) admits a handle decomposition without 1-handles.
−p− 2 −2 −2 −2 n
· · ·
Cp
∪h2 2-handles
∪h3 3-handles
∪ one 4-handle
Figure 6. Handle decomposition of X
Proof. Draw a Kirby diagram of X(p), following the procedure introduced in [7,
Section 8.5] (see also [7, page 516 Solution of Exercise 8.5.1.(a)]). Then the n-
framed unknot drawn in Figure 6 changes into a meridian of a unique dotted circle
which naturally appears in this procedure. Thus we can cancel the 1-handle/2-
handle pair. Note that this procedure does not produce new 3-handles. 
The following proposition gives Theorem 1.1.(1)(a)(c) and (2)(a)(c).
Proposition 3.7. For q = 3, 5, the manifold Eq is homeomorphic to E(1)2,q and
admits a handle decomposition without 1-handles, namely,
Eq = one 0-handle ∪ twelve 2-handles ∪ two 3-handles ∪ one 4-handle.
E′3 is homeomorphic to E(1)2,3 and admits a handle decomposition without 1-
and 3-handles, namely,
E′3 = one 0-handle ∪ ten 2-handles ∪ one 4-handle.
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Proof. Lemma 3.6 shows the above properties of Eq and E
′
3 about handle de-
compositions. Thus Eq and E
′
3 are simply connected. Since Eq is obtained from
CP2#(8 + q)CP2 by rationally blowing down along a copy of Cq, we have
b+2 (Eq) = b
+
2 (CP
2#(8 + q)CP2) = 1,
b−2 (Eq) = b
−
2 (CP
2#(8 + q)CP2)− b−2 (Cq) = (8 + q)− (q − 1) = 9.
Similarly we have b+2 (E
′
3) = 1 and b
−
2 (E
′
3) = 9. Therefore Freedman’s theo-
rem together with Rochlin’s theorem shows that Eq and E
′
3 are homeomorphic
to CP2#9CP2. Thus Eq and E
′
3 are homeomorphic to E(1)2,q. 
4. Seiberg-Witten invariants
In this section, we briefly review facts about the Seiberg-Witten invariants with
b+2 = 1. For details and examples of computations, see Fintushel-Stern [5], [3],
[4], Stern [16], Park [13], [14], Ozsva´th-Szabo´ [12], Stipsicz-Szabo´ [17] and Park-
Stipsicz-Szabo´ [15].
Suppose that X is a simply connected closed smooth 4-manifold with b+2 (X) =
1. Let C(X) be the set of characteristic elements of H2(X ;Z). Fix a homology
orientation on X , that is, orient H2+(X ;R) := {H ∈ H2(X ;Z) |H2 > 0}. Then
the (small-perturbation) Seiberg-Witten invariant SWX,H(K) ∈ Z is defined for
every positively oriented element H ∈ H2+(X ;R) and every element K ∈ C(X)
such that K · H 6= 0. Let e(X) and σ(X) be the Euler characteristic and the
signature of X , respectively, and dX(K) the even integer defined by dX(K) =
1
4 (K
2 − 2e(X) − 3σ(X)) for K ∈ C(X). It is known that if SWX,H(K) 6= 0 for
some H ∈ H2+(X ;R), then dX(K) ≥ 0. The wall-crossing formula tells us the
dependence of SWX,H(K) on H : if H,H
′ ∈ H2+(X ;R) and K ∈ C(X) satisfy
H ·H ′ > 0 and dX(K) ≥ 0, then
SWX,H′(K) = SWX,H(K)
+


0 if K ·H and K ·H ′ have the same sign,
(−1) 12dX(K) if K ·H > 0 and K ·H ′ < 0,
(−1)1+ 12dX(K) if K ·H < 0 and K ·H ′ > 0.
Note that these facts imply that SWX,H(K) is independent of H in the case
b−2 (X) ≤ 9, in other words, the Seiberg-Witten invariant SWX : C(X) → Z is
well-defined.
We recall the change of the Seiberg-Witten invariants by rationally blowing down.
Assume that X contains a copy of Cp. Let X(p) be the rational blow-down of
X along the copy of Cp. Suppose that X(p) is simply connected. The following
theorems are known.
Proposition 4.1 (Fintushel-Stern [3]). For every element K ∈ C(X(p)), there
exists an element K˜ ∈ C(X) such that K|X(p)−intBp = K˜|X−intCp and dX(p)(K) =
dX(K˜). We call such an element K˜ ∈ C(X) a lift of K.
Theorem 4.2 (Fintushel-Stern [3]). If an element K˜ ∈ C(X) is a lift of some
element K ∈ C(X(p)), then SWX(p),H(K) = SWX,H(K˜) for every positively ori-
ented element H ∈ H2+(X ;R) which is orthogonal to the subspace H2(Cp;R) of
H2(X ;R). Note that we view H as a positively oriented element of H
2
+(X(p);R).
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Theorem 4.3 (Fintushel-Stern [3], cf. Park [13]). If an element K˜ ∈ C(X) satisfies
that (K˜|Cp)2 = 1−p and K˜|∂Cp = mp ∈ Zp2 ∼= H2(∂Cp;Z) with m ≡ p−1 (mod 2),
then there exists an element K ∈ C(X(p)) such that K˜ is a lift of K.
Corollary 4.4. If an element K˜ ∈ C(X) satisfies K˜(u1) = · · · = K˜(up−2) = 0 and
K˜(up−1) = ±p, then K˜ is a lift of some element K ∈ C(X(p)).
5. Computations of SW invariants
In this section we complete the proof of Theorem 1.1. We prepare the following
lemma here.
Lemma 5.1. Let X be a simply connected closed smooth 4-manifold which contains
a copy of Cp, and ι the inclusion X − intCp →֒ X. Let C⊥p be the orthogonal
complement of the subspace spanned by u1, . . . , up−1 ∈ H2(X ;Z), that is,
C⊥p := {v ∈ H2(X ;Z) | v · u1 = · · · = v · uq−1 = 0}.
Suppose that there exists an element δ ∈ H2(X ;Z) such that δ · u1 = 1 and
δ · u2 = δ · u3 = · · · = δ · up−1 = 0. Then
ι∗H2(X − intCp;Z) = C⊥p ;(1)
H1(X − intCp;Z) = 0.(2)
Proof. Firstly we give a proof for (1). Since every element of H2(X − intCp;Z) is
represented by a surface, it is clear that ι∗H2(X − intCp;Z) ⊂ C⊥p .
Let ι′ be the inclusion Cp →֒ X . Mayer-Vietoris exact sequence of (X− intCp)∪
Cp = X is as follows:
0→ H2(X − intCp;Z)⊕H2(Cp;Z) ι∗+ι
′
∗→ H2(X ;Z) ∂→ Zp2 .
Since Cp is negative definite and Im ι∗ ⊂ C⊥p , we have Im (ι∗ + ι′∗) = Im ι∗ ⊕ Im ι′∗.
We determine ∂(δ) here. There clearly exists an element n ∈ Z such that ∂(nδ) ≡
0 (mod p2). The above exact sequence ensures the existence of elements u ∈ Im ι′∗
and v ∈ C⊥p such that nδ = u + v. The element u satisfies u · u1 = n (= nδ · u1)
and u · u2 = u · u3 = · · · = u · up−1 = 0 (= nδ · u2). Since u1, u2, . . . , un is a basis
of Im ι′∗, we can easily see n ≡ 0 (mod p2) by using the intersection form of Cp.
Hence ∂(δ) is a generator of Zp2 .
Suppose that some element w ∈ C⊥p satisfies ∂(w) 6≡ 0 (mod p2). Since ∂(δ) is
a generator of Zp2 , there exists an element n
′ ∈ Z with n′ 6≡ 0 (mod p2) such that
∂(n′δ + w) ≡ 0. Applying the above argument about nδ to n′δ + w, we get n′ ≡ 0
(mod p2). This is a contradiction. Thus we obtain ∂(C⊥p ) = 0. Therefore C
⊥
p ⊂
Ker∂ = Im ι∗⊕Im ι′∗ ⊂ C⊥p ⊕Im ι′∗. Thus it is easy to see C⊥p ⊂ ι∗H2(X−intCp;Z).
Secondly we give a proof for (2). Since the above ∂ is onto, we can easily show
by using Mayer-Vietoris exact sequence. 
Remark 5.2. (1) Since ι∗ : H2(X − intCp;Z) → H2(X ;Z) is injective, the above
lemma allows us to identify H2(X − intCp;Z) with C⊥p .
(2) Under the same assumption as that in Lemma 5.1, we can also showH1(X(p);Z) =
0. Here X(p) denotes the rational blow-down of X along the copy of Cp. It is not
known whether or not the fundamental groups of X − intCp and X(p) vanish.
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The following proposition gives us Theorem 1.1.(1)(b). In the rest of this section,
we denote the symbol Rn as CP
2#nCP2.
Proposition 5.3. Eq has the same Seiberg-Witten invariant as E(1)2,q, that is,
there exists a homeomorphism between Eq and E(1)2,q which preserves the orien-
tations, the homology orientations and the Seiberg-Witten invariants, for q = 3, 5.
Proof. We give a proof for q = 3, firstly. Let α1, α2, . . . , α9, β ∈ 2C⊥3 be the
elements defined by
α1 = 4h− e1 − e2 − · · · − e9 − 2e10 − 2e11,
αi = 5h− 2e1 − 2e2 − e3 − e4 − · · · − e9 − 2e10 − 2e11 − ei+1 (2 ≤ i ≤ 8),
α9 = e1 − e2, β = 30h− 13e1 − 10e2 − 7e3 − 7e4 − · · · − 7e9 − 12e10 − 12e11.
We can view α1, α2, . . . , α9, β as elements of H2(E(1)2,3;Z) by Lemma 5.1.(1),
Corollary 2.3 and the following natural identification:
H2(E(1)2,3 − intB3;Z)(= H2(R11 − intC3;Z)) ⊂ H2(E(1)2,3;Z).
This identification preserves cup products. Therefore the elements α1, α2, . . . , α9, β
of H2(E(1)2,3;Z) satisfy
α21 = α
2
2 = · · · = α28 = −1, α29 = −2, αi · αj = 0 (1 ≤ i < j ≤ 9),
β2 = 0, β · α1 = β · α2 = · · · = β · α8 = 0, β · α9 = 3.
Recall that the intersection form of E(1)2,3 is 〈1〉 ⊕ 9〈−1〉 (This notation of the
intersection form is the same as that in Gompf-Stipsicz [7, Section 1.2].). This
implies that either the matrix ( 0 11 0 ) or
(
1 0
0 −1
)
represents the symmetric bilinear
form on 〈α1, α2, . . . , α8〉⊥. We here denote the symbol 〈α1, α2, . . . , α8〉⊥ as the
orthogonal complement of the subspace spanned by α1, α2, . . . , α8 ∈ H2(E(1)2,3;Z).
Since α9 and β are elements of 〈α1, α2, . . . , α8〉⊥, it is easy to check that the matrix
( 0 11 0 ) represents the symmetric bilinear form on 〈α1, α2, . . . , α8〉⊥. We can easily
see that there exists an element α10 ∈ H2(E(1)2,3;Z) such that 3α10 = β, by using
a basis of 〈α1, α2, . . . , α8〉⊥. Note that α1, α2, . . . , α10 is a basis of H2(E(1)2,3;Z).
Proposition 3.2.(1) allows us to apply the above argument to E3. Thus we get
a basis α′1, . . . , α
′
10 of H2(E3;Z) which is corresponding to the basis α1, . . . , α10 of
H2(E(1)2,3;Z). Let ϕ : H
2(E(1)2,3;Z) → H2(E3;Z) be the isomorphism defined
by PD(αi) 7→ PD(α′i) (1 ≤ i ≤ 10). Here PD denotes Poincare´ dual. The
isomorphism ϕ preserves the intersection forms and the homology orientations of
E(1)2,3 and E3.
Proposition 4.1 gives us a lift K˜ ∈ C(R11) of K for every K ∈ C(E(1)2,3).
Lemma 5.1.(2) together with the universal coefficient theorem implies that K˜|R11−intC3
and ϕ(K)|E3−intB3 are uniquely determined by their values onH2(R11−intC3;Z) =
H2(E3− intB3;Z). Since α′i = αi (1 ≤ i ≤ 9) and 3α′10 = 3α10 as elements of 2C⊥3 ,
it is easy to check that K˜ is also a lift of the element ϕ(K) ∈ C(E3). Thus Theo-
rem 4.2 shows SWE3(ϕ(K)) = SWE(1)2,3(K). Hence the isomorphism ϕ preserves
the Seiberg-Witten invariants of E(1)2,3 and E3. Freedman’s theorem gives us a
required homeomorphism Φ : E3 → E(1)2,3 which preserves the orientations and
satisfies Φ∗ = ϕ.
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We briefly give a proof for q = 5, secondly. Let α5,1, α5,2, . . . , α5,9, β5 ∈ 2C⊥5 be
the elements defined by
α5,i = 17h− 3e1 − 4e2 − · · · − 4e9 − 6e10 − · · · − 6e13 − ei+1 (1 ≤ i ≤ 8),
α5,9 = 96h− 19e1 − 23e2 − · · · − 23e9 − 34e10 − · · · − 34e13,
β5 = 537h− 104e1 − 129e2 − · · · − 129e9 − 190e10 − · · · − 190e13.
Applying the above argument to E5, we obtain a proof. 
To prove Theorem 1.1.(2)(b), we compute the Seiberg-Witten invariant ofE(1)2,3.
Lemma 5.4. Let K3 ∈ C(E(1)2,3) be the element defined by K3 = PD(α1 + · · ·+
α8−2α9−4α10). Here α1, α2, . . . , α10 denote the elements of H2(E(1)2,3;Z) defined
in the proof of Proposition 5.3. Then K3 satisfies SWE(1)2,3(±K3) = ±1 and is the
unique element of C(E(1)2,3) up to sign for which SWE(1)2,3 is nonzero.
Proof. Let K˜3 ∈ C(R11) and H ∈ H2+(R11;R) be the elements defined by K˜3 =
PD(3h− e1 − e2 − · · · − e11) and H = PD(7h− 2e1 − 2e2 − · · · − 2e11). Note that
H is orthogonal to the subspace H2(C3;R) of H2(R11;R). It is well known that
SWRn,PD(h)(K˜) = 0 for every K˜ ∈ C(Rn) and every n ≥ 0. Applying the wall-
crossing formula to ±K˜3, H and PD(h), we have SWR11,H(±K˜3) = ±1. Corol-
lary 4.4 shows that K˜3 is a lift of some element K3 ∈ C(E(1)2,3). Thus Theorem 4.2
gives SWE(1)2,3(±K3) = ±1.
Since K˜3 is a lift of K3, the element K3 satisfies K3(αi) = K˜3(αi) (1 ≤ i ≤ 9)
and K3(3α10) = K˜3(3α10). Hence the values of K3 are as follows: K3(α1) =
K3(α2) = · · · = K3(α8) = −1, K3(α9) = 0 and K3(α10) = −2. Therefore we get
K3 = PD(α1 + · · ·+ α8 − 2α9 − 4α10).
Suppose that an element L ∈ C(E(1)2,3) satisfies SWE(1)2,3(L) 6= 0. Proposi-
tion 4.1 ensures the existence of a lift L˜ ∈ C(R11) of L such that SWR11,H(L˜) 6= 0.
We put a := L˜(h). Since L is characteristic and dR11(L˜) ≥ 0, the integer a
is odd and |a| ≥ 3. In the case a ≥ 3, Cauchy-Schwartz inequality ((x1y1 +
· · · + xnyn)2 ≤ (x21 + · · · + x2n)(y21 + · · · + y2n) for x1, . . . , xn, y1, . . . , yn ∈ R) and
dR11(L˜) =
1
4 (a
2 − ((L˜(e1))2 + (L˜(e2))2 + · · ·+ (L˜(e11))2) + 2) ≥ 0 show
L˜ ·H = 7a− 2L˜(e1)− 2L˜(e2)− · · · − 2L˜(e11)
≥ 7a−
√
22 + 22 + · · ·+ 22
√
(L˜(e1))2 + (L˜(e2))2 + · · ·+ (L˜(e11))2
≥ 7a− 2
√
11
√
a2 + 2.
Since SWE(1)2,3(L) 6= 0 and a ≥ 3, the wall-crossing formula shows L˜ · H < 0.
Therefore we get a = 3. This together with L˜ ·H < 0 shows L˜(ei) = 1 (1 ≤ i ≤ 11).
We thus have L˜ = K˜3. Similarly we have L˜ = −K˜3 in the case a ≤ −3. Hence
L = ±K3. 
The following proposition completes the proof of Theorem 1.1.
Proposition 5.5. E′3 has the same Seiberg-Witten invariant as E(1)2,3, that is,
there exists a homeomorphism between E′3 and E(1)2,3 which preserves the orien-
tations, the homology orientations and the Seiberg-Witten invariants.
EXOTIC RATIONAL ELLIPTIC SURFACES WITHOUT 1-HANDLES 11
Proof. Let K˜ ′3 ∈ C(R13) and H ′ ∈ H2+(R13;R) be the elements defined by K˜ ′3 =
PD(3h+ e1+ e2− e3− · · ·− e13) and H ′ = PD(23h+6e1+6e2− 6e3− · · ·− 6e13).
Note that H ′ is orthogonal to the subspace H2(C5;R) of H2(R13;R). Applying
the wall-crossing formula to ±K˜ ′3, H ′ and PD(h), we get SWR13,H′(±K˜ ′3) = ±1.
Corollary 4.4 shows that K˜ ′3 is a lift of some elementK
′
3 ∈ C(E′3). Thus Theorem 4.2
gives SWE′3(±K ′3) = ±1. The same argument as that in the proof of Lemma 5.4
shows that K ′3 is the unique element up to sign for which SWE′3 is nonzero.
Let α′ ∈ H2(R13;Z) be the element defined by α′ = 3h+ e1− e3− e4−· · ·− e7−
e10−e11−e12−e13. Lemma 5.1.(1) allows us to view α′ as an element of H2(E′3;Z).
We set L′3 ∈ H2(E′3;Z) by L′3 = K ′3 − PD(α′). The element L′3 is a characteristic
element of 〈PD(α′)〉⊥ and satisfies L′32 = 1 and K ′3 = L′3+PD(α′), because K ′32 =
0, K3 ·PD(α′) = −1 and (PD(α′))2 = −1. We here denote the symbol 〈PD(α′)〉⊥
as the orthogonal complement of the subspace spanned by PD(α′) ∈ H2(E′3;Z).
Since the symmetric bilinear form on 〈PD(α′)〉⊥ is 〈1〉⊕8〈−1〉, the following lemma
together with the above property of L′3 gives us an orthogonal basis v1, . . . , v10 of
H2(E′3;Z) such that v
2
1 = 1, v
2
2 = · · · = v210 = −1 and K ′3 = 3v1 − v2 − · · · − v10.
Lemma 5.6 (Stipsicz-Szabo´ [17, The proof of Proposition 4.3], cf. Wall [18, The
proof of 1.6]). Let M be a free Z-module equipped with a symmetric bilinear form
〈1〉 ⊕ 8〈−1〉. If a characteristic element K of M satisfies K2 = 1, then there exists
an automorphism of M which preserves the symmetric bilinear form on M and
maps K to 3v1−v2−· · ·−v9. Here v1, . . . , v9 denotes an arbitrary orthogonal basis
of M such that v21 = 1 and v
2
2 = · · · = v29 = −1.
Similarly the above lemma together with Lemma 5.4 gives us an orthogonal
basis w1, . . . , w10 of H
2(E(1)2,3;Z) such that w
2
1 = 1, w
2
2 = · · · = w210 = −1 and
K3 = 3w1−w2−· · ·−w10. Let ϕ′ : H2(E′3;Z)→ H2(E(1)2,3;Z) be the isomorphism
defined by vi 7→ wi (1 ≤ i ≤ 10). The isomorphism ϕ′ preserves the intersection
forms and the Seiberg-Witten invariants.
Let H ∈ H2+(R11;R) be the element defined in the proof of Lemma 5.4. Recall
that we can view H and H ′ as positively oriented elements of H2+(E(1)2,3;R) and
H2+(E
′
3;R), respectively. Note that (−K3) ·H = 1 and
(−K3) · ϕ′(H ′) = ϕ′(−K ′3) · ϕ′(H ′) = (−K ′3) ·H ′ = 9.
We thus have (−K3) · H > 0 and (−K3) · ϕ′(H ′) > 0. These two inequalities
together with the lemma below show H · ϕ′(H ′) > 0. Hence ϕ′ preserves the
homology orientations. Freedman’s theorem gives us a required homeomorphism
Φ′ : E(1)2,3 → E′3 which preserves the orientations and satisfies Φ′∗ = ϕ′.
Lemma 5.7. Let V be a vector space of rank n over R equipped with a symmetric
bilinear form such that b+2 (V ) = 1 and b
−
2 (V ) = n − 1. Here b+2 and b−2 are the
same notation as that in Gompf-Stipsicz [7].
If elements u, v, w ∈ V satisfy u2 > 0, v2 > 0, w2 ≥ 0, u · w > 0 and v · w > 0,
then u · v > 0.
Proof. Let 〈u〉 be the subspace spanned by u, and 〈u〉⊥ the orthogonal complement
of 〈u〉. The subspace 〈u〉⊥ is negative definite, because b+2 (V ) = 1 and u2 > 0. Since
V = 〈u〉⊕〈u〉⊥, there exist elements a, a′ ∈ Z, x, x′ ∈ 〈u〉⊥ such that v = au+x and
w = a′u + x′. Cauchy-Schwartz inequality implies
√
x2(x′)2 ≥ x · x′. Inequalities
v2 > 0 and w2 ≥ 0 give us a2u2 > −x2 and (a′)2u2 ≥ −(x′)2. These three
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inequalities together with v · w > 0 show aa′u2 + |aa′|u2 > 0. This inequality and
u · w > 0 give us a > 0. Hence u · v > 0.
This completes the proof of Proposition 5.5. 
6. Further remarks
We conclude this article by making some remarks.
Remark 6.1. In Figure 15∼ 17, we used the peculiar bands, that is, bands not in
local positions to prove Lemma 3.1. Note that standard bands, that is, bands in
local positions are also enough to prove Lemma 3.1. However, the peculiar bands
are the key of our construction of exotic CP2#nCP2 (5 ≤ n ≤ 9) (see [21]). In
the proof of Lemma 3.1, we used two 2-handles with framings (2h, 4h). Instead
of these two 2-handles, we can use two 2-handles with framings both (h, 5h) and
(3h, 3h) to prove Lemma 3.1. We can also use a 2-handle with a framing 6h to
construct Figure 7. In this construction, we can decrease the number of 3-handles
of E3. Precisely E3 admits a handle decomposition
E3 = one 0-handle ∪ eleven 2-handles ∪ one 3-handle ∪ one 4-handle.
We do not know if choices of the above bands and the above 2-handles affect
diffeomorphism types of E3 and E5.
∪nine 2-handles
∪ one 3-handle
∪ one 4-handle
e9
f
Figure 7. CP2#9CP2
Remark 6.2. Yamada asked the author if a topologically trivial but smoothly
non-trivial h-cobordism between Eq and E(1)2,q exists. Following the argument in
Gompf-Stipsicz [7, Example 9.2.15], we can prove that such an h-cobordism exists.
Note that the same argument also shows that a topologically trivial but smoothly
non-trivial h-cobordism between E(1)2,q and itself exists.
Remark 6.3. Let X be a simply connected closed smooth 4-manifold which con-
tains a copy of Cp, and X(p) the rational blow-down of X along the copy of Cp.
Suppose that X(p) is simply connected. Do the following two conditions, X and
the homomorphism H2(Cp;Z) → H2(X ;Z) induced by the copy of Cp, suffice to
determine the (small perturbation) Seiberg-Witten invariant of X(p)?
The proofs of Proposition 5.3 and Proposition 5.5 give an affirmative answer to
this question in some cases. In a forthcoming paper, we will give a more general
result for this question.
We here give a proof of the following proposition referred in the introduction of
this article.
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Proposition 6.4. If a smooth 4-manifold is homeomorphic to S4 (resp. CP2) and
admits neither 1- nor 3-handles in a handle decomposition, then the 4-manifold is
diffeomorphic to S4 (resp. CP2).
Proof. Note that if a simply connected closed smooth 4-manifold has neither 1- nor
3-handles in a handle decomposition, then the number of 2-handles appeared in
the handle decomposition is equal to the rank of the second homology group of the
4-manifold.
Suppose that a smooth 4-manifold is homeomorphic to S4 and has neither 1- nor
3-handles in a handle decomposition. Then this handle body consists of a 0-handle
and a 4-handle. Since attaching a 4-handle is unique (see Gompf-Stipsicz [7]), the
4-manifold is diffeomorphic to S4.
Suppose that a smooth 4-manifold is homeomorphic to CP2 and has neither
1- nor 3-handles in a handle decomposition. Then this handle body consists of
a 0-handle, a 2-handle and a 4-handle. Thus the attaching circle of the 2-handle
produces S3 by a Dehn surgery with coefficient +1. Since such a knot is unknot
(see Gordon-Luecke [8]), the 4-manifold is diffeomorphic to CP2. 
Contrary to the above proposition, many simply connected closed topological
4-manifolds are known to admit at least two different smooth structures without
1- and 3-handles (cf. Gompf-Stipsicz [7]). As far as the author knows, S4 and CP2
are the only known exceptions. Thus the following problem is natural.
Problem 6.5. Which simply connected closed topological 4-manifold has a unique
smooth structure without 1- and 3-handles?
Finally we refer to further constructions.
Remark 6.6. This article is based on the author’s announcement [19]. In [20], we
will give the rest of examples announced in [19]. In addition to these examples, we
will construct a smooth 4-manifold which has the same Seiberg-Witten invariant as
E(1)2,3 and admits no 1-handles as follows: We ‘naturally’ construct Figure 7 and
perform a logarithmic transformation of multiplicity 3 in the cusp neighborhood.
In [21], we will construct examples of exotic CP2#nCP2 (5 ≤ n ≤ 9) by using
rational blow-downs and Kirby calculus. We also prove that our examples admit a
handle decomposition without 1- and 3-handles in the case 7 ≤ n ≤ 9.
References
[1] A. Akhmedov and B.D. Park, Exotic Smooth Structures on Small 4-Manifolds, arXiv:
math/0701664.
[2] T. Etgu¨ and B.D. Park, Symplectic tori in rational elliptic surfaces, Math. Ann. 334 (2006),
no. 3, 679–691.
[3] R. Fintushel and R. J. Stern, Rational blowdowns of smooth 4–manifolds, J. Differential
Geom. 46 (1997), no. 2, 181–235.
[4] R. Fintushel and R. J. Stern, Double node neighborhoods and families of simply connected
4–manifolds with b+ = 1, J. Amer. Math. Soc. 19 (2006), no. 1, 171–180.
[5] R. Fintushel and R. J. Stern, Six Lectures on Four 4-Manifolds, arXiv: math/0610700.
[6] R.E. Gompf, Nuclei of elliptic surfaces, Topology 30 (1991), no. 3, 479–511.
[7] R.E. Gompf and A. I. Stipsicz, 4-manifolds and Kirby calculus, Graduate Studies in Mathe-
matics, 20. American Mathematical Society, 1999.
[8] C.McA. Gordon and J. Luecke, Knots are determined by their complements, J. Amer. Math.
Soc. 2 (1989), no. 2, 371–415.
[9] J. Harer, A. Kas and R. Kirby, Handlebody decompositions of complex surfaces, Mem. Amer.
Math. Soc. 62 (1986), no. 350.
14 KOUICHI YASUI
[10] K. Kikuchi, Positive 2-spheres in 4-manifolds of signature (1, n), Pacific J. Math. 160 (1993),
no. 2, 245–258.
[11] R. Kirby, Problems in low-dimensional topology, in Geometric Topology (W. Kazez ed.),
AMS/IP Stud. Adv Math. vol. 2.2, Amer. Math. Soc. 1997, 35–473.
[12] P. Ozsva´th and Z. Szabo´, On Park’s exotic smooth four-manifolds, Geometry and topology of
manifolds, Fields Inst. Commun. vol. 47, Amer. Math. Soc. Providence, RI, 2005, 253–260,
[13] J. Park, Seiberg-Witten invariants of generalised rational blow-downs, Bull. Austral. Math.
Soc. 56 (1997), no. 3, 363–384.
[14] J. Park, Simply connected symplectic 4-manifolds with b+
2
= 1 and c21 = 2, Invent. Math.
159 (2005), no. 3, 657–667.
[15] J. Park, A. I. Stipsicz and Z. Szabo´, Exotic smooth structures on CP2#5CP2, Math. Res.
Lett. 12 (2005), no. 5-6, 701–712.
[16] R. J. Stern, Will we ever classify simply-connected smooth 4-manifilds?, Floer Homology,
Gauge Theory, and Low-dimensional Topology, (D. Ellwood, et. al., eds.), CMI/AMS publi-
cation, 2006, 225–239.
[17] A. I. Stipsicz and Z. Szabo´, An exotic smooth structure on CP2#6CP2, Geom. Topol. 9 (2005),
813–832.
[18] C.T.C. Wall, On the orthogonal groups of unimodular quadratic forms. II, J. Reine Angew.
Math. 213 (1963/1964), 122–136.
[19] K. Yasui, An exotic rational elliptic surfaces without 1- or 3-handles, to appear in the pro-
ceedings of the international conference, “Intelligence of Low Dimensional Topology 2006”,
World Scientific Publishing Co. in the Knots and Everything Book Series.
[20] K. Yasui, Exotic rational elliptic surfaces without 1-handles II, in preparation.
[21] K. Yasui, Small exotic rational surfaces without 1- and 3-handles, in preparation.
Department of Mathematics, Graduate School of Science, Osaka University, Toy-
onaka, Osaka 560-0043, Japan
E-mail address: kyasui@cr.math.sci.osaka-u.ac.jp
EXOTIC RATIONAL ELLIPTIC SURFACES WITHOUT 1-HANDLES 15
h
∪ one 4-handle
Figure 8. CP2
h 0
∪ one 4-handle
∪ one 3-handle
Figure 9. CP2
h
h
∪ one 3-handle
∪ one 4-handle
Figure 10. CP2
2h
h
∪ one 3-handle
∪ one 4-handle
Figure 11. CP2
h
2h
∪ one 3-handle
∪ one 4-handle
Figure 12. CP2
h
2h
∪ two 3-handles
0
∪ one 4-handle
Figure 13. CP2
∪ two 3-handles
h
2h
∪ one 4-handle
h
Figure 14. CP2
∪ two 3-handles
2h
2h
h
∪ one 4-handle
Figure 15. CP2
3h
h
2h
∪ two 3-handles
∪ one 4-handle
Figure 16. CP2
4h
2h
h
∪ two 3-handles
∪ one 4-handle
Figure 17. CP2
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4h− 2e1 − 2e2 − 2e3
2h
e1
e2
e3
∪ one 2-handle
∪ two 3-handles
∪ one 4-handle
Figure 18. CP2#3CP2
∪ four 2-handles
4h− 2e1 − 2e2 − 2e3
2h
∪ two 3-handles
∪ one 4-handle
Figure 19. CP2#3CP2
e4 e5 e6 e7 e8 e9
∪ four 2-handles
4h− 2e1 − 2e2 − 2e3 − e4 − e5 − · · · − e9
2h− e4 − e5 − · · · − e9
∪ two 3-handles
∪ one 4-handle
Figure 20. CP2#9CP2
e8 e9
6h− 2e1 − 2e2 − · · · − 2e9
2h− e4 − e5 − · · · − e9
h
∪ eight 2-handles
∪ two 3-handles
∪ one 4-handle
Figure 21. CP2#9CP2
e10
e9
e8
f − 2e10
∪ nine 2-handles
∪ two 3-handles
∪ one 4-handle
Figure 22. CP2#10CP2
handle slide
−−−−−−−→
isotopy
−−−−→
−1
−1
−1
−2
−2
−1
Figure 23. Handle slide
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e10
e8 ∪ nine 2-handles
∪ two 3-handles
∪ one 4-handle
f − 2e10
e9 − e10
Figure 24. CP2#10CP2
e10 − e11
e11
e8 ∪ nine 2-handles
∪ two 3-handles
∪ one 4-handle
f − 2e10 − e11
e9 − e10
Figure 25. CP2#11CP2
e10 − e11
e11
e8 + e9 − e10 ∪ ten 2-handles
∪ two 3-handles
∪ one 4-handle
f − 2e10 − e11
Figure 26. CP2#11CP2
e10 − e11 e11
e8 + e9 − e10 − e11 ∪ ten 2-handles
∪ two 3-handles
∪ one 4-handle
f − 2e10 − e11
Figure 27. CP2#11CP2
e10 − e11 e11
e8 + e9 − e10 − e11
∪ ten 2-handles
∪ two 3-handles
∪ one 4-handle
f − 2e10 − e11
Figure 28. CP2#11CP2
e10 − e11 e11 − e12
e12
e8 + e9 − e10 − e11
∪ ten 2-handles
∪ two 3-handles
∪ one 4-handle
f − 2e10 − e11 − e12
Figure 29. CP2#12CP2
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e10 − e11
e11 − e12
e12
e8 + e9 − e10 − e11 − e12
∪ ten 2-handles
∪ two 3-handles
∪ one 4-handle
f − 2e10 − e11 − e12
Figure 30. CP2#12CP2
e10 − e11
e11 − e12
e12
e8 + e9 − e10 − e11 − e12
∪ ten 2-handles
∪ two 3-handles
∪ one 4-handle
f − 2e10 − e11 − e12
Figure 31. CP2#12CP2
e10 − e11
e11 − e12
e12 − e13
e8 + e9 − e10 − e11 − e12
∪ ten 2-handles
∪ two 3-handles
∪ one 4-handle
f − 2e10 − e11 − e12 − e13
e13
Figure 32. CP2#13CP2
h e1
∪ one 4-handle
Figure 33. CP2#CP2
h
h + e1
∪ one 4-handle
Figure 34. CP2#CP2
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2h + e1
h
∪ one 4-handle
Figure 35. CP2#CP2
h
2h + e1
∪ one 4-handle
Figure 36. CP2#CP2
h
2h + e1
e2
∪ one 4-handle
Figure 37. CP2#2CP2
h + e2
2h + e1 ∪ one 4-handle
h
Figure 38. CP2#2CP2
e9
6h + e1 + e2 − 2e3 − 2e4 − · · · − 2e12
∪ eight 2-handles
∪ one 4-handle
e10
e11
e12
Figure 39. CP2#12CP2
6h + e1 + e2 − 2e3 − 2e4 − · · · − 2e12
∪ eight 2-handles
∪ one 4-handle
e12
e11 − e12
e10 − e11
e9 − e10
Figure 40. CP2#12CP2
6h + e1 + e2 − 2e3 − 2e4 − · · · − 2e12 − e13
∪ eight 2-handles
∪ one 4-handle
e13
e11 − e12
e10 − e11
e9 − e10
e12 − e13
Figure 41. CP2#13CP2
